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We give asymptotic upper and lower bounds for the diameter of almost every r-regular 
graph on n vertices ( n ~ ) .  

Though random graphs of various types have been investigated extensively 
over the last twenty years, random regular graphs have hardly been studied. The 
reason for this is that until recently there was no formula for the asymptotic number 
of labelled r-regular graphs of order n. Such a formula was given by Bender and Can- 
field [1]. Even more recently one of the present authors [3] gave a simpler proof of the 
same formula. More importantly, [3] contains a model tbr the set of regular graphs 
which can be used to study labelled random regular graphs. Our aim is to investigate 
the diameter: we shall show that for a fixed r most r-regular graphs of order n have 
about the same diameter. Our results have some bearing on certain extremal problems 
concerning graphs of small diameter and small maximum degree (see [2, Ch. IV]). 
For results about the diameter of the customary random graphs see [4], [5] and [6]. 

Let us start with the model mentioned above. Let r ~ 3  be fixed and denote 
by G(n, r-reg) the probability space of all r-regular graphs with a fixed set of  n label- 
led vertices. Here we assume that rn is even and any two graphs have the same proba- 
bility. We shall say that almost every (a.e.) r-regular graph has a certain property if 
the probability that a member of G(n, r-reg) has this property tends to 1 as n ~  ~. 
Let W~, W2 . . . .  , W, be disjoint r-element sets. A coJfguration with vertex set 

n 

W = U W~ is a partition of W into pairs. We call these pairs the edges of the configu- 
1 

ration and we denote by ~ the set of  all configurations with vertex set W. Once again 
we view ~2 as a probability space in which all points are equiprobable. Given a con- 
figuration FE(2 we may try to construct an r-regular graph q~(F) with vertex set 
{W~, W2 . . . . .  W,,} as follows. Join two vertices W,. and Wj by an edge iff the configu- 
ration Fcontains an edge having one vertex in W~ and the other in Wj.. Clearly q~(F) 
is an r-regular graph if F has no edge joining two vertices of the same class W~, 
nor has it two edges joining vertices in the same two classes W~ and W i. All we need 
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from [3] is that the probability that a configuration F has these two properties is 
bounded away from 0. More precisely, we need the following immediate conse- 
quence of this assertion : if a.e. configuration has a certain property then a.e. r-regu- 
lar graph has the corresponding property. The property we are concerned with is 
that of having a certain diameter. 

Let F be a configuration and W,., Wj arbitrary classes. Define the distance 
between Wi and Wj. as the minimal k for which one can find classes Wi0=W~, 
W,. 1, W~.~, ..., W,.k=Wj, such that for every j,  0_<-j<k, the class W~j is joined to 
W,. 1 by an edge of F. If  there is no such k then the distance between W~ and Wj 
• 3 +  . • 

Is sald to be lnfimte. The distance between W~ and Wj. is denoted by d(W~, W~) or 
dv(W~.~).  Note that d(W~,Wj)=0 if and only if W~=W~. The dianwter of  F 
is the maximal distance between two classes. From what was said earlier it is clear 
that if a.e. configuration has diameter at least d'(n) then a.e. r-regular graph has dia- 
meter at least d'(n), and if a.e. configuration has diameter at most d"(n) then a.e. 
r-regular graph has diameter at most d"(n). Thus our aim is to give bounds for the 
diameter of a.e. configuration. 

In our proofs we shall often find it convenient to work with another descrip- 
tion of f2, namely we shah find it convenient to select the edges of a random configu- 
ration one by one, taking those nearest to a fixed class W~ first. To be precise, we shall 
construct inductively sets El, Si and Mi in such a way that S; will be the set of indices 
j with d(W~, Wj)=i in the final configuration (i.e. Si will be the set of indices of 
the classes Wj on the sphere of  radius i about W~), E~ will be the set of  edges incident 
with the classes at distance less than i from W~ and M~ will be the set of vertices (mem- 
bers of the classes Wj) not incident with any edge in E~. Thus E~+~ is obtained from 
Ei by adding to Ei all the edges incident with the vertices in L~=MiA ~ W,.. 

,J~ S i 
n 

Set E0=0, So= {1} and M0 = (J Wi. Suppose we have defined E~, Si and 
t = 2  

M,. In order to define E,+~, S~+~ and Mi+~, we pass through a number of  intermediate 
stages, corresponding to the selection of single edges• 

Set E}°)=Ei, Si(°~=0, M}°)=Mi and L~°)=Li=Mi(~ (J Wt. Suppose we 
lC S i 

have defined E[ j), S[J),M} j) and L[ i). If L}J)-~0, put Ei+~=E} j), Si+~=S} j), 
Mi+a=M[i) and L~+~=Mi+zC~ U W i. Otherwise pick a vertex x~L} j) (say 

J~S~.z 
take the first vertex in L! j~ in some predefined order), give all vertices of  M} j ) -  {x} 
the same probability and choose one of them, say y. Set E[J+~)=E(fl)U{(x,y)}, 
L(J+a)-L(J)-gx~ _ ~ , ,.,,r~ and M}J+~)=M}J)-{x,y}.. Finally, if y~W~ and 16S~, 
set S °+~) S"" i " = ~J' (.J {/}, and otherwise put S} j+~)=S! i). Since M! ~'+~) has two fewer 
vertices than M} ~), the process does terminate so it does define Ei+~, S~+~ and M~+a. 

After a certain number of  steps we must arrive at E~+~ =Ek and so Sk+a =0.  
Then the set Ek is exactly the edge set of  the component containing W~ in a random 
configuration. If Mk=0,  we have constructed the whole configuration. However, 
even if we end up with Mk¢0,  we have constructed the part of  a random configura- 
tion nearest to W~ in the following sense: for every i<=k the probability of having 
E~ =/7 is the same as the probability that/~ is the set of  edges incident with the classes 
at distance less than i from W~. (In fact, even if Mg # 0, we can construct an entire 
random configuration by iterating the process above, but this will not concern us.) 

Now we are well prepared to prove our first theorem. 
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Theorem 1. Let r>=3 and e > 0  be fixed and define d=d(n)  as the least integer 
satisfying 

( r -  1) e-1 => (2+e)  rn log 17. 

Then a.e. r-regular graph of order n has diameter at most el. 

Proof. As we remarked earlier, it suffices to show that a.e. configuration has diameter 
at most d, so we shall investigate random configurations. 

Let t, and t~ be integers satisfying q + t 2 = d - 1  and q~t2<=tl+l. We shall 
show that with probability close to 1 for any two classes Wj~, Wj~ there are many 
edges joining the classes at distance h f rom Wj, to classes at distance h + 1 ( i=  1, 2). 
Then we show that with probability close to 1 either d(W h, Wj.)~ t ,+ t.~ or else 
these two large classes of  edges have at least one edge in common,  so d(Wjx, Wh)= 
= t t + t , , + l = d .  In order to avoid some inessential complications we shall assume 
that r ~ 5 .  At the end of the proof  we shall indicate how one can dispose of this 
condition. 

Let l,V~ be an arbitrary fixed class. Consider the inductive construction of  a 
random configuration, as described above, using the sets E~, S,,M~ and 
L i = M ~  U W). We claim that with probability l - o ( n - " )  we have 

J ~  S i 

(1) li =[Li[  ~ (1- -n- l ' l~) ( r  - 1) i 

for every i~_t0 where to is the maximal integer with 

( r -  1)'o ~ n 1/2 log n. 

Roughly speaking this inequality states that the first few edges (~.n ~/~) reach 
almost as many classes as possible. Suppose an edge xy is selected as the edge inci- 
dent with xEL} i). We call this edge dispensable if S} J'+t~ =S} j). Thus xy is indis- 
pensable if it is the first edge that insures that another class W,,, is at a distance i +  1 
from l+[. What  is the probability that the kth edge we select is dispensable? As the 
k -  1 edges selected so far are incident with vertices in at most k classes, this proba- 
bility is clearly at most 

(2) k ( r -  1) 
(n-k)r" 

-lherefore the probability that more than 2 of  the first k=o(n  1/6) edges are dispen- 
sable is at most 

+ = 

Note that with si= IS,.}, l i= [L~[ we have s0= 1 , /o=r  and 

for i~_l. Hence 
si ~ li-1, li ~ ( r -  l)sl 

s i ~ I ' ( l ' - l )  i-1 and 1 i ~- r i r - -1 )  i. 

i i 

Consequently the edges incident with vertices in (J L~ are among the first r ~ ( r -  1) I 
l=O / = 0  
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i 

edges we select. By (2) the probability that an edge incident with a vertex in (j Lt, 
1 = 0  

2 
i - ~  log n/log ( r -  1), is dispensable is at most 

i ; 3 ( r _  1)i+1 
(4) {r 0"-- ')/{(,, -- ," 2 ("-- 0')"} . / ,  

/ = 0  I = O  /] 

if n is sufficiently large. Furthermore, if there are w~ dispensable edges (i.e. 'edges 
we can do without') among the edges incident with the vertices in L; then clearly 

(5) li+l ~ ( l i - 2 w i ) ( r -  1). 

Let io be the minimal integer with 

(r-1)~o ~ n~iL 

i o 

-Ihen the edges incident with vertices in LJ L~ are among the first 2 r ( r -  1) ~° =o( ,?  16) 
/ = 0  

edges to be selected. Hence by (3) and (5) with probability l - o ( n  -~) we have 
l l ~ - r - 1 ,  l ~ ( r - l )  ~, and so on, 

(6) lio => ( r - l )  10 -->- n wT. 

Now suppose that i o ~ i ~ t  o. In order to prove (I) we shall show that the pro- 
bability that f;+~ is large, conditional on /~ being large, is close to 1. By (4), we can 
define on f2 a random variable i,,} distributed as a binomial B(m, p) with parameters 

m = r ( r - l ) i a n d  p =  3 ( r - I ) i + l ,  such that wi~iv~ holds a.s. Therefore, using the 
n 

definition of t o and a standard estimate, the expected number of dispensable edges 
incident with I.~ is at most 

r ( r -  I ) / 3 ( r -  l)i+' ~ (logn) a. 
#'l 

lherefore by a standard estimate of the probability in the tail of the binomial dis- 
tribution (see [3, Lemma l(ii)]) we have 

P(wl--->- n'l*"ll, = 1~) ~ exp {--n :/1~} 

for every fixed inte~er~ l~*. Hence by (5) for zo" <==z'<= t o we have 

P(li+ 1 "~ (1-n-~"*~)lilli ~ ( l -  n-'/a~)'(r - 1) i) 

(7) <= P(wl >= { -n - ' i ' 5 ( l - - , , - ' i ~ )~ ( r - -1 )q l~  >= ( 1 - - n - l i ' 5 ) i ( r - - l )  i) <= 

P(wi ~ nm~ll~ >= ( 1 -  n-mS)~(r - ly) ~ exp (-- nm'~). 

Finally, (6) and (7) show that 

P( l  i ~= ( 1 -  n - ' i ' ~ ) ( r  - 1)/) => P(I, ~ ( 1 - n - ' i = ~ ) ' ° ( r - l )  i) >= 

1 - o (n -2 ) -  t~ exp ( - n  m~) = 1 - o ( n  -~') 

l\~r every i, i~ to ,  proving (1). 
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The proof  of Theorem 1 is almost complete. Let Wjl and I, Vj~ be arbitrary 
classes. Let Lj, be the set corresponding to L,, if 171 is replaced by g~-,. Let us esti- 
mate the conditional probability 

(8) P(d(W a ,  Wj) > t l+  tz+ tl~t(tVj~, Wj:) > t l+  t~). 

Since t~<to, relation (1) shows that with probability 1 - o ( n  -°') there are at least 

( l -  n -1/1,) ( r -  1)', 

edges with one endvertex in Lj, and the other outside it. The probability that such an 
edge does not join J~jl to Lj~. is at most 

t - IL jJ / (" ' ) .  
Hence the probability that none of these edges joins Lj~ to Lj.., is at most 

( ]  - -  (1 - -  ' l  1/16) (F - -  l)t~/(Fn))(1--n -1/16)(r- 1)tt 

exp { - ( t -2 ,7 - ' / 16 ) ( r - -  t)q+'~/(rn)} -< 

_<- exp { - ( 1 - 2 n - ~ m ) ( 2 + e )  log rz} = o(t7--"). 

This shows that the conditional probability given by (8) is o(n-~), so 

P(d(W; , ,  rv;~) > t~+ t~+ 0 = o(,,-2). 
Finally, 

P(diam F > d) = P(ma.x d(Wj~, I~..) > t~+t.,+ 1) _~ 
Jl,)~, 

<=(~)P(d(1471,t',)>tl+t2+l)=o(l), 
completing the proof  of our theorem. I 

The condition r>_--5 can be dispensed with fairly easily though at the price of 
some inconvenience. If r = 3  or 4, we cannot claim that l t ~ r - 1  and 12-~(r-1) ~ 
with probability 1-o(n--~). If  r = 3  then with probability can --~ we have 1-"=0 
and if r = 4  then with probability c4n -z we have 1,=0. However, what we can say 
is that with probability 1 - O ( n  - t )  we have l t ( I ~ ) ~ r - 1  and l . , ( lg )~( r -1)"  
for every class I~ simultaneously, where la.(/~) denotes the nmnber corresponding 
to l~- if I4~ is replaced by HI,.. Therefore we can use the same argument we used if we 
take everything conditional on this event of probability 1 -O(n-~) .  

Remark. By carrying out the argmnent in the probability space of all configurations 
without short cycles (see [3] for the distribution of short cycles) one can obtain the 
following result. 

Let r ~ 3  and ~>0 be fixed and let do=do(n) be the least integer satisfyhlg 

r ( r -  1) d-1 ~ (2+e,)n log n. 

Then if n is sufficiently large, there is an r-regular graph of order n with diameter at 
most do. 

As an indication of the proof  we say only that for every gEN the probability 
that (the graph associated with) a configuration has girth at least g is bounded away 
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from 0. Furthermore,  given a fixed k, we have li(Wj)>-r(r-1) ~ for every class Wj 
and every integer i, i<=i<=k, provided the configuration has girth at least 2 k + l .  

Now let us turn to our lower bound for the diameter of  a.e. r-regular graph. 
In this case our aim is to show that the number of  classes of  a configuration at di- 
stance greater then k from a fixed class Wt does not decrease too fast as k increases. 
Our result will not only show that Theorem 1 is essentially best possible but, in con- 
junction with Theorem 1, it will locate with fair accuracy the diameter of  a.e. r-regular 
graph. The proof  of  our theorem relies on a technical lemma. In this lemma a con- 
figuration F with vertex set S means a partition of  S into pairs, called the edges of  F. 

[,emma 2. Given 0 < ~ <  1/9, the following assertion holds for every sufficiently large n. 
I11 

Let L and M be disjohTt sets, ILl=l ,  M =  U W~, IW~[=r and IMl=rm 
i = 1  

such that 
( rm ) ~ 

n z/a -< 4m t r m +  l) arm r m + l  <= rn. 

Consider the probability space of  all configurations F with vertex set L i_J M. Denote 
by X =  X ( F) the number o f  classes Wi not joined to L by an edge of  F and by Y =  Y( F) 
the number of  vertices in M not joined to L. Then with probability at least 1 - n  -~ 
we have 

( r,n ] ' (  
(9) X =  m [ r m + l )  1+6), 

rm. 
(10) r = m i (1 +~), 

rm + 
and 

x (-~" 1"-~(i+,7), 
(11) T -  = trm + l) 

where 
I~1 ~ -~"-= ,  I~l -<- n-1/a a n d  lql ~ n -=. 

Proof. Denote by ea the probability that a given class W~ contains an edge and by eo 
the probability that a given pair of  classes W,, W~ contains an edge. Clearly 

and 

r ( r - 1 )  r 
e l  "< r (m -- 1 )+ /  < --m 

2r (2r -- 1) 4r 
r ( m  - 2) + l m 

The probability Pa that no vertex of a given class W~ is joined to a vertex of  L satisfies 

(,'(n,--l)), < (r(m--1))~ (1-~1)+~ 
( , ' ( m -  l ) + t ) ,  (1-~1)  --< Pl = ( , '(m-- 1)+~)r 
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and the probability P2 that no vertex of a given pair of  classes W~, Wj is joined to a 
vertex of  L satisfies 

( r (m-2) ) z ,  < (r(m-2))2,  tl e ' ± ~  
(r(m--  2) + I)~, =< p~. = ( r ~ ~ ,  ' -- " "  ~" 

Hence 
( [ r ( m - 1 )  '" r (m--2)  . ] ' ~ E ( X ) < = m  , 

(12) m r ( m - - 2 ) + t  ) r(---~-A_i-j-+l, j +r  

and the second factorial moment E 2 ( X ) = E  ( X ( X - 1 ) )  satisfies 

r e ( m - l ) ( .  

Consequently 

r ( m - 4 )  )2, { ,~?_~2)+ 
• ~_ E o ( X )  <= r e ( m - l )  'rl, - ) 

r ( m - - 4 ) + l  

az(X) = E2(X)+ E ( X ) -  E (X  2) ~ 5rm 

l )~" + 4rrn. 

and so by Chebyshev's inequality 

P ( [ X -  E(X)] => ½ n- =E(X)) ~ 4n2=5rm/E(X) 2 < ¼ n-  ~. 

Making use of the approximation of E(X)  given by (12) we find that (9) holds with 
probability at least 1--½n - ' .  

The probability that the neighbours of  k given vertices xl . . . . .  Xk belong to a 
given set S of s vertices, where {xa . . . . .  Xk} N S =  0, is clearly 

s(s--1) ... (s-- k + l )  
(rm + l -  1) (rm + 1 -  3) ... (rm + l -  2k + I) " 

Applying this with k =  1 and 2 we find that 

rm -- 1 
(13) E ( Y )  ~ r m -  

r m + l - - I  
and 

1 (rm -- 2) (rm -- 3) } 
E2(Y) = rm (rm--  1) rm +l--~l -~ (rm + / 7 1 ) - ~ +  1 -  3) " 

Hence simple calculations give 

tr~'(Y) = E2(Y)+ E ( Y ) - E ( Y )  2 <- 2E(Y).  

By Chebyshev's inequality 

P([ Y - E(Y)I ~ ½n - ~E(Y)) ~_ 4n2=a 2 (G)/E(Y)2 < ¼n -i/3, 

and it is easily checked that by (13) relation (10) holds with probability at least 
1 --½n - ' .  

Finally, note that both (9) and (10) hold with probability at least l - n  -=, 
and if they both hold then so does (11). II 
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Theorem 3. The diameter o f  a.e. r-regular graph o f  order n is at least 

[log~_ in] + [log~-x log n-- log, -  ~ r6~r2] + I. 

P r o o f .  S e t  

and put 

f= [ log~_ ln ] -3  so that 

( r - 1 )  r+a  ~ n 

- - 1  

. 

Let g be the maximal integer satisfying 

q~(r-1)W(r-2)  > 11-11a = . 

Since 
2 

log(1/q~) ~ ( r - l )  a '  

l 6 r  [ ,  
g ~> log~_~Iogn-log~_~ r--Z~-jn-3. 

Thus to prove the theorem it suffices to show that the diameter of a.e. graph is at 
l e a s t f + g +  1. In fact we shall show that for a.e. configuration there is a class at dis- 
tance at least f + g +  1 from /4/1. 

Given a configuration F, denote by a,~ the number ol7 classes II 5 at distance 
greater than k from ~q. Furthermore, denote by bg the number of vertices not in a 
class at distance at most k -  1 from ~ and not adjacent to a vertex in a class at di- 
stance at most k - 1  from I4/i. Thus, with the notation of Theorem 1, b~,= [Mk[ and 
bl, = rak + [Lkl. 

Let 0 < ~ <  I/9. We claim that if n is sufficiently large then with probability 
at least 1 - g n  -~ we have 

(14) at+ ~ => n 2/a. 

Since gn -~=o( l ) ,  this will imply the assertion of the theorem. 
For 0-<_k_<-g set 

and 
Ak 

Rk ,'7(r-1}k,~{(r-1)a-t}/(r-2) 
: ~11. ~2 

where q 2 = l - n - L  Note that Ao=½n and Ro=q, .  Furthermore, 

Ak R~ q,e = ½- nq~(("--*)~--l}/(r--") q";{(r--1)"-(r--~")g--1} q(~r--1)"" q~ {(r-1)k- W(~-~)+ l = 

and 
= -} n q~{("- ~)" + ~ - ~}/( ' -  2)q.~{O-- ~)'° + ~(~- 2)(k + 1 ) -  1}/(, - 2)- ~ = A k + 
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We shall prove by induction on k that 

(15) aI+k ->- Ak 

and 

(16) raf+k >= Rk 
bf+k 

for all k, O<=k<=g. 
Let us check the inequalities for k = 0 .  Given a configuration, denote by t f  

the total number of classes at distance at most f from W~ and by s f  the number of  
classes at distance f from W~. Then clearly 

I -1  r ( r -  l ) I -  1 rn 
t f  ~ l + r  ~ ( r - - l )  i = 1-{- ~ r ( r - -1 ) f / ( r - -2 )  <= 

i=0 r - -  2 ( r - -  1)3(r--  2 ) '  

Sf ~= r ( r - - l )  f + l  

and 
a f  = n - -  i f ,  by <= rn - rt f  + ( r -  1) sf.  

Hence 

and 

r )) n 
a f  >=n l - - ( r _ l ) 3 ( r _ 2  > '~"  

( , ' -  1)s~ ( r -  1)I ray = > 1 ~ 1 
by r n - r t f + ( r -  1)sy n - r ( r - - 1 ) f / ( r - 2 ) + ( r - 1 )  y 

= 1 -- { ( r -  1 )3 -2 / ( r -2 )}  -a = q~. 

Thus (15) and (16) do hold for k=0 .  
Assume that (15) and (16) hold for some k, 0_<-k<g, with probability at 

least 1 - k n  -~. It suffices to show that the probability that (15) and (16) hold for k +  1, 
conditional on the same inequalities holding for k, is at least 1 - n - L  

Pick m and l such that 
(15') m => Ag, 

l ' m  

(16'.) rm + l >= Rk 

and 
rm + 1 _--< rn. 

By what has just been said, the proof  of the induction step will be complete if we show 
that (15') and (16") hold for k +  1 with probability at least 1 - n  -~, conditional on 
a f+k=m and by+k=rm+l .  Note now that the distribution of  aj'+k+l and b y + k + 1 ,  
conditional on a f + k = m  and b~+k=rm+l ,  is identical with the distribution of  X 
and Y in Lemma 2. As g< logr_ l  log n + 1, we have 

SO 

( Fm .~r 
m b ) 

q~(r -1)g  ~. l _ n - ~ r ( r _ l ) g  ~ 1/2, 

>= AkR~ > Ak+ 1 >--_ Ag ~= ¼nq~ ('-1)~1('-'~) >= ¼n ~13. 
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T h u s  t h e  c o n d i t i o n s  o f  L e m m a  2 a r e  sa t is f ied .  H e n c e ,  c o n d i t i o n a l  o n  a I + k = m  a n d  
b i + k = r m + / ,  w i t h  p r o b a b i l i t y  a t  l e a s t  1 - n  - "  we  h a v e  

(a f+k)  r 
ai+k+: >= ai+kkbs+k)  q.,_ >= AkR~q2 = Ak+: 

and 

ay+k+: >= R~_lq 2 = Rk+l" 
bf+k+: 

This completes the proof  of the induction step. Therefore (14) holds and so the proof  
of  Theorem 2 is complete. | 

In conclusion let us note that it is likely that with considerably more effort one 
could locate the diameter even more precisely. It seems to us that the following is 
true. Let ~>0 and let d:=d:(n) be the maximal integer with 

r(r--1)d, -~ ~ (2--E)n l o g ,  

and let d2 be the minimal integer with 

r ( r - -  1)d2 - :  ~ (2+e)n  log n. 

Then if r is sufficiently large, the diameter d(G) of a.e. r-regular graph G of order n 
satisfies 

d: ~ d(G) ~ d~. 
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